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ON THE PRODUCT OF AN ALTERNANT BY A SYMMETRIC 

FUNCTION. 



By DR. W. E. TAYLOR, Associate Professor of Mathematics. Syracuse University. 

As is well known, the product of the simple alternant | a, a£ a s s a 4 8 .... | 

and a symmetric function of a,, a 8 , a,, is an aggregate of alternants. When 

the symmetric function is of the form 2 a i a i a l a r , the product is a single alter- 
nant differing from the original in having each of the last exponents increased 
by unity. In the general ease, the mode of obtaining the aggregate is a fairly 
simple problem. The problem of obtaining the coefficient of a given alternant 
without having at the same time to obtain the coefficients of all the alternants in 
the aggregate is a problem not so simple. As a partial solution of this problem 
Dr. Muir has shown how the coefficient of one term of the aggregate may be ob- 
tained independently of the others. 

The object of this paper is to extend the general problem started by Muir. 

It is apparent that if we have a table giving the coefficients of all alter- 
nants in the product, (1) 

| 0123 (w-1) | \2*a,a 2 a s ajj \2^ia i a i a s ajj ~" \2^a.a i a 3 .....a ji ) 

where O'^i^n, l^j h <n; t,Ji+V« + +i/,ji,—t<n; and where t,+tj -ft, +.....t»=fc, 

we can by taking the proper multiples* of 



(2) 



\Z^a,a i a 3 a } J [Z^a^^a^ ajj"- V-Z^a^a,, ..... a,- J 



form any symmetric function 8, and hence from such a table get the coefficients 
of any alternant in the product | 1 2 3....(n — I) | 8. 

♦These multiples are found from the table of symmetric functions of weight t. 
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The difference equation for the coefficients of all alternants in the product 
(1) (where «,=1, j,5i w ) i s obtained and this is used to construct tables for cer- 
tain cases. 

1. Let | 1 2 3 r t s, r 2 s 2 r a s g r^s* | denote the alternant wherein the 

numbers are consecutive except at the k points rjS, , r 2 s 2 , , r^, — that is, the 

numbers from to r t , s, to r 2 , s 2 to r 8 , and so on are consecutive; butr,Sj,»* 2 s 2 , 
etc. , may differ by more than unity. 

Let us denote the coefficient of this alternant in the product 

| 0123 (n— 1) | \^fa t a 2 a 3 a )i /\,.«wa l a 2 a 2 UjJ \j£*a 1 a si a i .....aj k ) 

by 

/^tfs, s 2 s 3 .....s g s h \ 

(3) ^\0 J 

and the coefficient of 

I 1 2 3 r, («,-!)_(«, +«-l)(«,+a) r 2 (s 2 -l)s 2 (s 2 +^-2)(s 2 +/?) 

r g (js g —V)s t (Sg+r-2) r k (s t — 1) | in the product 

| 0123. ..(m — 1) | \jL4a l a i a$...a,jJ\^--ta l a i a z ...ajJ "" \^wa ] a 2 a 8 ...aj,J 

by 

S^i-jhfsi s 2 s g s k \ 

^ \ a p r k J ' 

where y placed below s g denotes that y consecutive numbers beginning with s g 
are decreased by unity. 

2. Now it is easily seen that that the product 

| 0123 (n— 1) | \j-^ta 1 a 2 a 3 ajj\^-^a^a. i a s ajj •'• \^—<a 1 a 2 a 3 a,-,,/ 

= +2 «» ■ c*-^ j 2 ;::*} 1012 3..... 



.....r, (5,-1)5, (S, +1)...-(S, +a— 2)(S, -fa) r g (Sg-l)S g ( S g + r -2)(Sg+r) 

r t (s t — 1) | -f other terms, where a+/3-(-.....+K==; A ; k cannot of course be greater 

than 1. 

Only those terms are written which on multiplying both sides by 
^,a J a !i a s ...aj k can give rise to 

| 1 2 d^r^s, r^^-rgSg r^ \ ; 

but the coefficient of this term in the product is (3). Hence this coefficient must 
be equal to the sum of the coefficients of the above terms, that is 
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This is the relation between coefficients in the process of multiplication. 

8, If we have a table giving the product of | 1 2 3 — (w— 1 ) | by all the 
symmetric functions of weight w, of the form (2), we can by means of the rela- 
tion between coefficients found in article 2 construct a table giving the product 
of | 1 2 3....(» — 1) | by all symmetric functions of the same type of weight 

w+jh- 

The following tables of this kind from weight one to weight seven have 
been constructed by means of the relation of article 2. 

In this way we can construct the table of order t having those of order less 
than t. 




(la,) 3 

Ia,aj>a 3 
(la,) 4 

(la,a a ) 

TaiP^Ia, 

Za,a,,a.3a< 

(la.) 5 

Ta,a z GZa) 

(Sq.a J Za, 

Iq.a^do) 

Za,a l ti 3 Z.a t a s 

Zo,a a tt 3 a J ,a /; 




Eaa JfoE 



(iMjffeJ 



(iw* 



Za,a,»,Cls)" 



EwEy^ 



( Ia wO 



fr,g,a,c,(lttj 



In.VAlt.t, 



S»>WA gg . 



"iVAMi 
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4. If we denote the product 

I 0123 0-l) I \2l<«i«*«a— aj,/ \2- f a l a i a s ajj — vZ*«ia*a» a jh ) 

by P, then the alternant 

I 0123 r,Sj r a s 2 — TgS t — r k s k | — which we shall represent temporarily by A, — 

in the product P5a 1 a 2 a 3 .....a ?i , (or P t ), can arise from the following alternants 
Of P: 

|0123.....r 1 (s,-l)s,(s 1 +l) («,+«,-2)(« 1 +« 1 ) r,(« f -l)(« f ) 

—(»»+r,-2)(vfri) n(»*-l) I . 

where «,,/?,, ..... r ,..... Kl =0, 1, 2, 3.....J,, 

and a, +/?,+>-, «,=;',. 

The alternant 

| 1 2 3.....(r 1 -^ + l).....r,(r 1 +l)s 1 .....r i! s :! .....rp s„ ....riS* | , 

which we shall also denote temporarily by A 2 in theproductP.Sa,a s a, l .....a ; - 1 +j/ ( , 
(or P 2 ), will evidently arise from the same terms of P, but it will arise also from 
the following terms : 

| 1 2 3.....(r,-i»+l) ^(r, f 1)5,(^+1) (s, + a . t -« 1 _2)(« l +«+« 1 )_ 

.....r g s g (s g -f l).„„(s, +a+a,— 2)(s ff +<*+«,) .....r t (s,— 1) | . 

These terms could not exist, however, if j,<in. 

5. If we denote the coefficient of A 2 by 



^ r,\0 .....0/ 



where the j h above the r, denotes that r, and the preceding (j*— 1) numbers are 
increased by unity. 

Then, iij^n, we will have 



for, under these conditions the coefficient of A, in the product P, is the same as 
the coefficient of A. t in P s . 
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This gives us a means of obtaining the coefficient of any alternant in the 
product P, .%a 1 .a t a i ...-Oj h , provided we have all those in the product P s ; that is, 
we obtain coefficients in this table from others in the same table. 

6. Having an incomplete table as is considered in the preceding article we 
could readily convert it into a complete table of order (<— j, ) by removing in all 
possible ways j t numbers from the alternants in the product. 

7. Let us now consider, in the product P a : 

| 1 2 3 (tt — 1) | 2mtO,\d-i(l'3--tl"n-i \2L/<ti) ' 

those alternants of the type 

| 123.....r 1 s 1 r 2 s i r 3 s z | , 

where s, — r,==2, s 8 — r 2 =2, and s g — r s =<j. 

This alternant in P, can evidently arise on multiplying 

I 1 2 3 r,*, r 2 s 2 r 8 (s 3 -l) |- 

I 1 2 3 r,*, r 2 (s 2 - l)(» t +l)_r l «, | 

| 1 2 B-r^St -1)(», +1) r % $ 2 r 3 s 3 | 

by Sa, , in the product 

| 1 2 3 (w— 1) | 2^a^%a,, a-n-i \2L<aJ ' 

so that we have 



8. Since n—l^n, the conditions of articles 4 and 5 are satisfied and we 
have the following reduction formula for the construction of tables : 

c*{j-S'}-c"i,{!r;'}+c"},{i'j-} + c w ? 1 {S'J'}- 

In the following table 

Z*a x = | 1 2 3.....(w-l) | Z^a^a.^ a n _AZ*«i ) ' 

(2aJ=|-0123 (n-1) | 2«i« 2 « 8 o»-i(2«i) ' 



\2*aJ — | 1 23 (w-1) | .Z*a,a 2 a, a„_nl.2*aj ' 
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9. We wish to prove the formula 



r <0 I s * »»\ - JO- 1) P'- 2 ) Q'-^i+2) («,-2)(* t -8)- J (< 1 -», + f, 



-2) 



In the reduction formula of article 8, let i receive the successive values 2, 
3, 4, 5 i, and we have the following result : 

C'?, {*J'}-C^{S-I'}+C'i{f .<■}+£'•,{}•?■} 
C , J,{W}-C , . 1 ,{!'i-} + C , . 1 1 {5'{'} + C , ? 1 {^} 

c', i ft , S-}=c*Us-o'}+c , !,{;-?}*<: , »{»} 



C'°{fo S '}=C" 8 1 l {S'. >, } + C"U?'o-}+C"°{S'o'} 



i-l »-l 



i i 

10. Let the reduction formula, designated R, 

i i 

operate upon itself and the successive results : 
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c'iiro'hc-iii'i'hc'-'iAM} 
c"i{5p 1 *-}+c"iO'j-} 



Is SilO 1 J ° *i 11 J 
Observe that the terras of B beyond the limit s 1 — 2 are zero. 

— CC""{Sr5-}+K7"»{M>}+c"*{Sr;-}) 

•<c , -* s 2 ,{^-}^c'- s 2 ,{s-f.} + c'- , , 2 i {^-}) 

<«> «(£"?,{*?}'■ c'-\ 2 {w}+c'- ,2 {^}) 



«-*> c'-'U'/S'}^ c-* 2 ,{w}+c"- 2 {^} 

■>(C{3'J'}+ 8 C"'{H'}+'C{;i'} f c", , i {; 8 '.}) 

<c't{l-?}+^":{H-} +3 £' » 3 {t1'} . c'^ft-S'}) 
<»Kc^{i*.-}+«c7{Jrl-}^7{;-S'} + c' ;!{»}) 

KC-;?{3*o'}^c7{«^-} + »<:7{;..;.}*c"!{S"3*'}) 
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(»,-2)(« 1 -3) ^-'.+^,-1 />, s,\ \ 
+ jT ° «. i» -4 2/ + ""7 

w (s '- 2 , ) 2 (s -- 3) (^ < "" s, ^{::-^} +<^- 2 )C" s --:{:;_3 s i} 



+ («i-2)(« 1 -3)^. 



i-«i 



'tft-A}* ) 



(s,-2) ( gl -3)(s,-4) / W->-'s , — 1 f *, «, 1 
jT V C • I \« 1 -2 0J 



(«,-2)(« 1 -8) / -.*-.-i» 1 -lf« f s 3 1 \ 

~ ~ 12 " _ ^ »,l«,-4 2/ + ~J 



g-gg-^ fc-Ltfi^-. -i{;._ A } +( .,-2, C , '-.J{;;_,'i} 
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, (5 1 -2)( << -3) (s t -t-l) ^s % -lfs t s.\, \ 

\L Si t*,-*-2 */+-;• 

In (c) let t=t, 5, =s, , and s z —r 3 +1. Then 

c i °,{5 ,(r 'j i) }='C i -' t ' s -- s :{^v ) }+ 

c.-«)C^"-j{i:i , i + . 1) }+ $a =^=sc^t{5:a +, i} 

. (»-2) (t-3)(i-4) (,-- <l +2) ^.i5 1 -l f5 8 (r,+l)l • 

^ 1 5,— 3 ° *i 1*1-1 0/ 

It is evident from the table that the Cs have values, respectively, from 
t— 5, +2 down to 1. Wherefore 

+ '^f^ V., -D+ + 0--2)0--3)0-- g f -(/-s 1 -f2) ( ,_ ( ._ 1)) 

^i[l- K 5 ) -2) + (5 '- 1 | ) ^- 2) + gi^fr zS + 

+ «^]-M)[H( 5l -i) 

(5,-1)*, (5, -1)5^5, +1) , , («-l )(t-2)(<-3 )-(t-5 l +2)n 

|2_ + |_8_ +-"+- J77+2 J' 

Summing the two series in the brackets, we have 

C'° (n 2 ^.t^")— *' ( *'~ 1 > °- 2) (*-'i+ 2 > t, ..o, »(^-l)--(t -5,+2) 

^ *i 1° / | 5 , -2 t51 ^ ^Z-i 
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, (t -l )(t --2)(,-3)..-(i-,, + 2) (ii _ 1-(5i _ 2)) 



|*i-l 



t(«-l)(t-2)(«-3) Q-^+ 2) 



In a similar manner, it can be proven that 

^'0 /5 8 r 3 +2\_ i(t-l)(t-2)(i-3).-.p--s :[ +2) 

^ 5,10 o j- [EH? 

/-'O j"s, r 3 +3 \ _ «•(«- l)(»-2)(t-3) (»-s t +2) (5,-2 ) (5, -8) 

° *ilO J [^-1 \T ' 

or, in general, 

^ *,\o oj— rr t ^i 



y (*i-2) (5 t -3) ( 5t -5 3 +r s -2) 

\s»-rt-l 

Syracuse TJnivbbsitt, December 18, 1902. 



AN ACCOUNT OF PROFESSOR RUNKLE'S MATHEMATICAL 

MONTHLY. 



By PEOFESSOE SIMON NEWCOMB. 



I first made Mr. Runkle's acquaintance in the winter of 1857, when he was 
senior assistant in the Nautical Almanac Office, then at Cambridge, Mass. His 
intelligence, intellectual activity, and lively interest in matters and things gener- 
ally, not excluding things political, made him a very interesting character. 

It was early in 1858 that he announced to me and some others in the office 
his intention of starting a mathematical journal. His first step was to secure the 
necessary support. It may be feared that few in our day have an adequate con- 
ception of the backward condition of mathematical study in our country at that 
time. A curious illustration is offered by Davies' well-known dictionary 
of mathematics, in the preface of which it was announced that it contained defin- 



